CP Violation In Heavy Flavour Physics

. Dirac Equation & Antiparticles
—

Agnieszka Obtgkowska-Mucha, Tomasz Szumlak

AGH UST Krakow




Schrodinger equation

2
= Consider non-relativistic particle of mass m in a potential U: E = ;—m + U

: > : . 0
= Then substitute the energy and momentum operators: p - —iV, E — i~

: . s . 2 oY 0
= What gives the non-relativistic Schréodinger equation: (— P + U) Y =i— 0. = i =
X

d 0 9 0
ot I

| 5t 3% 3y 0z
= The solution for the free particle (U = 0): ¥ (X, t) o< e EE (%)

.y . . . 0 . 0
The Schrodinger equation is 1st order in r but second in P

= For a relativistic particles space and time should be treated equally.

= For a relativistic particle the energy-momentum relationship is: E* — p* = m? and covariant: p*p, — m?* = 0

c . . . 92
= Substituting the energy and momentum operators we have Klein-Gordon equation: —m‘{’ + V2¥ = m?

also written in the Lorentz covariant way: (—aﬂaﬂ — mz)lp =0

= The free particle solutions are plane waves: ¥ (x,t) « e ~U(EL=PX)

= With positive and negative energy solutions: £ = +./p? — m?

The Klein-Gordon equation is Lorentz invariant but gives the negative energy solutions. And describes only bosons. ’; }J

AGH UST Krakow CPV in Heavy Flavour Physics



Dirac equation lll

= Dirac (1928) formulated the alternative wave equation for relativistic particles as simple ,,square root” of the Klein-Gordon (K-G) )

. ) . Oi = . — 2
equation: (l)/ at+l)/ % m)l/J 0 —a—l,U+\72‘1U:m2‘P

or in shorter notation:

(iyl‘a” — m)([) =0 Dirac Equation in the covariant form

where: y* = (y°, 1,72, v?) are unknown coefficients to be defined.... 5 0 d 0 0 0
"= oxk \at'ax’ay’ oz

= To find how the y* should look like, first multiply the Dirac equation by its conjugate equation:
-I-_.Oi_.e. _ Oi .—>. _ _
Y ( by o~y Y m)(ty at+L)/ \Y m)l/)—O
what should restore the K-G equation.

= This leads to the conditions on the y*:
y*)?2=1,uv=0,1273
(1) =-1,i=1,2,3
yHhyV +yVyH =0foru # v,

or in terms of anticommutation relation: {y*,y" } = 2g*¥
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Dirac equation - y matrices lll

One of the solutions (among many others) for the y* are 4x4 unitary matrices (Dirac-Pauli representation):

0.3
I7 0 01 0
0 3 0O 0 (0-—-1
=10 "={=1 0)0 o
0 0O 1J0 O
—o3
y* are fixed matrices,
o': Pauli spin matrices (representation of the 1/2 spin operator)
The full version of Dirac Equation (DE):
9, 9, 9, 0 .
P 0 i — iyto,—m)yp =0
/lat m ‘oz lax+ay\ (Y H )d}
0 0 0 0 0 1/)1 0 remember about summation
i——m [— — — - — 2 over repeated indices!
0 ox dJy dz [| ¥ |_[0
» o0 a 9 9 3 0
97 e + @ —lg—m 0 o 0
—i i + — d 0 o CHECK IT ouT
\ 9z = 9y i& 0 — ia —m// bi-spinor
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Dirac equation - y matrices lﬂ

One of the solutions (among many others) for the y* are 4x4 unitary matrices (Dirac-Pauli representation):

0 _ (1 0 ) 0 ol every element of Y matrices stands for 2x2 matrix,
ve= 0 -1 yH = ( ) 1 denotes 2x2 unit matrix,

0 represents 2x2 null matrix

y* are fixed matrices;
a': Pauli spin matrices (representation of the 1/2 spin operator)

The full version of Dirac Equation (DE):

d 0 0 0 .
0 dx 0y az || v* | _[o0
;9 a 0 i 3 |0
07 —la-l-@ —lg—m 0 o 0
;9.9 9 0 ) o
\ oz ' dy l& 0 — lﬁ_m bi-spinor
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Dirac equation — solutions (iy*d,—m)p =0 !”l“!].

It’s nice to remember what we wanted to obtain: a wavefunction of a relativistic particle. k= (E.5)
p~= (&,p
Let’s write it now in the form of the plane wave and a Dirac spinor, u(p*):
. 5 o Pu = (E, _ﬁ)
xl’t =Uu U e_l(Et_p'x)
P = u@h) e
Substituting ¥ (x") into DE: (y”p” — m)u(E, p)=0 —ix,p* = —i(Et —p - X)
= For a particle at rest, p = 0, spatial derivatives are 0, DE is in the form: ( 0 9, >
iy ——m|yp =0
dt
(V°E —m)yp =
what can be expressed as an eigenvalue problem for the spinors u: 1 0 0 0\ /% P
Eu (ml O)u E0100 % =m¢2

| 0 -—mlI 00 —10])|¢s 3

= The free-particle wavefunctionis: 1 = u(E,0)e £t 1 0 0-1/ \¢, on
with the eigenspinors:
spinup 1 1 0  own L 0 8 These four states are also
u = 8 u, = (1) P Us = (1) Us =1\ o eigenvalues of the §Z operator, so
0 0 0 1 they represent spin-up and spin-
: 5
N . J N > J down fermions (why? - later).
E=m E=-m
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Dirac equation — interpretation | lll

Four solutions of the Dirac equation for a particle at rest:

1 0 0 0
_ [ 0 -ime 11 - 0 ; 0 :
l/)1 — 0 e~ lm 1/J2 — 0 e imt l/)3 — 1 e+Lmt ¢4 — 0 e+1mt
0 0 0 1
describe two different state of a fermion (Tl) with E = mand E = —m
Energy
Dirac’s Interpretation:
= *  Vacuum (fully filled) represents a ,,sea” of negative energy particles.
+m, \ * According to Dirac: holes in this ,sea” represent antiparticles.
0 ', * If energy 2E is provided to the vacuum:
B f
/ one electron (negative charge, positive energy) and one hole (positive
—m, . 4 _E charge, negative energy are created.
e . * This picture fails for bosons!
s§=-1/2 | 8=4+1/2
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Dirac equation — interpretation |l

Stuckelberg (1941)-Feynman (1948) interpretation of antiparticles™:

* consider the negative energy solution as running backwards in time

and re-label it as antiparticle, with positive energy, going forward in time:

e_i[(_E)(_t)_(_ﬁ)'(_f)] = e—i[Et—p-x]
e emission of £ > 0 antiparticle = absorption of particle £ < 0

e(E>0) e (E>0)

e (E<0) e*(E > 0)

This involves a CPT transformation:

* we have flipped Charge (C),

* flipped time (T),

* and to prevent momentum from being flipped, must
also flip the space coordinates (P)

*Feynman-Stueckelberg interpretation [Wikipedia]

By considering the propagation of the negative energy modes of the
electron field backward in time, Ernst Stueckelberg reached a pictorial
understanding of the fact that the particle and antiparticle have equal
mass m and spin J but opposite charges q. This allowed him to
rewrite perturbation theory precisely in the form of diagrams. Richard
Feynman later gave an independent systematic derivation of these
diagrams from a particle formalism, and they are now called Feynman
diagrams. Each line of a diagram represents a particle propagating
either backward or forward in time. This technique is the most
widespread method of computing amplitudes in quantum field theory
today.

Since this picture was first developed by Stueckelberg,’® and acquired
its modern form in Feynman's work,%! it is called the Feynman—
Stueckelberg interpretation of antiparticles to honor both scientists.
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https://en.wikipedia.org/wiki/Ernst_Stueckelberg
https://en.wikipedia.org/wiki/Perturbation_theory_(quantum_mechanics)
https://en.wikipedia.org/wiki/Richard_Feynman
https://en.wikipedia.org/wiki/Feynman_diagram
https://en.wikipedia.org/wiki/Antiparticle#cite_note-5
https://en.wikipedia.org/wiki/Antiparticle#cite_note-6

Dirac equation — general solution lll

 For a moving particle, p # 0, the Dirac equation can be written using Pauli representation in DE

4 (i]/“@u — m)l/J =0 )
P = u(phye D

(v*py —m)u(E,p) = 0

utorial!

. . I
y. using: (iy#d, —m)p =0,y° = (0

4-component bi-spinor as 2-component vector

* It seems that the equations for vectors 1, and ug are coupled:
(0-Pup=(E-m)yy
(0-P)ug = (E +m)ug

e Taking the two simplest solutions for 1, and uz as the orthogonal vectors:

Uy p= ((1)) and uy p = ((1)) Tl_l?l'

we obtain four orthogonal solutions to the free particle Dirac equation: where:

W; = w;(E,p)e (D)
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Dirac equation — solutions for moving particles lﬂ“lll
AGH
... where: 1 0 Pz Px — L
Ig)z Dx —1 LDy _|__ lm E—m
Ml E+m I TE W Us = pé_niy “TE
Dx t ipy —Pz 1
. E+m E+m ) 0
Y e
electron with energy positron with energy
E = +ym? + p? E = —\/m? + p?
Y = uqy,(p*) g~ L(Et—-p-X) Y = usz . (pH) e~ L(Et—-p-X) pt= (E,p)

Now we can take F-S interpretation of antiparticles as particles with positive energy (propagating backwards in time), and
change the negative energy solutions u5 4 to represent positive antiparticle (positron) spinors v, :

v, (E,p) p—L(Et—PX) = u,(—E, _ﬁ)e—i(—EHp-x) = u,(—E, —ﬁ)ei(Et_p'x) reversing the sign
v,(E,p) o~ U(Et=pX) = us(—E, _ﬁ)e—i(—EHﬁ.ic’) = uy(—E, _ﬁ)ei(gt_ﬁ.,z) of Eand p

The 1 and v are solutions of: E = +y{m? +p?

(iy*p, —m)u =0 and (iy*p, + m)v =0
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Dirac equation — solutions for moving particles lll“lll
AGH
... where: 1 0 Pz Dx — Dy
29 . 1 ip E+m E+m
_ z _ X w T 1 —D
T E+m e 2T pE+lriy o E-fm
Px + ipy —P:z 1 0
E+m E+m 0 1
\ Y, \
Y Y
electron with energy positron with energy

E = +ym? +p? E = +m? + p?
P = Uy, (pH)e{EEPD) Y = vy ,(pH) el ELt-P%) pt= (E,p)

The u and v are solutions of:

iy'p,—m)u=0 and (iy*p, + m)v =0
" "
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A few conclusions for a break lﬂ

= There is one remark about the antiparticle solutions:
Y = v(E,p) e'E P

= While calculating the operators: p=—iV,H = i%
we have: Hi) = i% = —FEv and p = —iVy = —iVv = —pv ( but we demanded positive energy solutions)

» that implies that QM operators for energy and momenta of the antiparticle solutions are:

pv =iV, A = —i

at
andif (E,7) » (—E, —p) thenL = # x § - —L the spin of the antiparticle
> 2 A ~ | solution is given by:
conservation or the total angular momentum requires [H,L + S| = 0 } SV - —-§ gv _ _é

= We can draw a conclusion that the appearance of a spin-up fermion must be accompanied by the existence of spin-
down antifermion. That’s the reason we associated the solution u; (spin-up particle) with v, (spin-down antiparticle)
and u, (spin-down particle) with v; (spin-up antiparticle)
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Summary of Solutions of Dirac Equation lll

The normalised free particle solutions to the DE:

The normalised free antiparticle solutions to the DE:
Y = u(E,p) e ~HEL=D%) gatisfy (iy”pu — m)u =0

Y = u(E,p) e E+P0) satisfy (iyp, +mu=0

with: with:
(1) (1) Px — ipy Pz
D, Dy — lp E+m E+ m
M=l E+m Y2 = % v = Pz Uy = Px T Py
: m E+m
Px + Lpy —DPz E -5 m 1
E+m E+m 1 0

= Both particle and antiparticle have positive energy solutions: E = +./m? + pZ2.
= Particle and antiparticle have opposite spin: SV = —S$

0 prOb\em is:

V2 o antiparticle
e nave n S....
“Q &Q

#ProblemsAreOk
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Antiparticles? Where? Alpha Magnetic Spectrometer on ISS lﬂ“ll

AGH

No evidence for the original, “primordial” cosmic antimatter:

* Absence of anti-nuclei amongst cosmic rays in our galaxy

* Absence of intense y-ray emission due to annihilation of distant galaxies in
collision with antimatter
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Antiparticles- history lll

AGH
AR 4
1. Positron was discovered in 1933 by Anderson with usage ofa ;
Wilson cloud chamber. ,-"p‘z-.'- 63.MeVP°S‘“Vét“‘C\"‘/”.\ | g
2. Antiproton in 1955 at the Bevatron (a 6.5 GeV synchrotronin A4 £y :
Berkeley) oy |-

3. Antineutron — 1956.

4. ANTI-HYDRODEN:
Produced in 1995 at the Low Energy Antiproton Ring (LEAR)
CERN

23 MeV'b:)sﬁtive tr;ack,‘ N o : ". r
>|Qx to Iong for a proton N

“

5. Searches of anti-nuclei in the space:
* Alpha Magnetic Spectrometer (AMS-01)
* Searches for anti-helium in cosmic rays — lots of He found but
no anti-He!
 AMS-02 — extreme flux of positrons detected — consistent
with e+e- annihilation, but some increase in high energies of
unknown origin.

pasitron

anti-hydrogen
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Antiparticles- why? lll

Dirac's prescience

Concluding words of 1933 Nobel lecture

“If we accept the view of complete symmetry between positive
and negative electric charge so far as concerns the fundamental
laws of Nature, we must regard it rather as an accident that the
Earth (and presumably the whole solar system), contains a
preponderance of negative electrons and positive protons. It is
quite possible that for some of the stars it is the other way
about, these stars being built up mainly of positrons and
negative protons. In fact, there may be half the stars of each
kind. The two kinds of stars would both show exactly the same
spectra, and there would be no way of distinguishing them by
present astronomical methods.”
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The next conclusion lll“lll
AGH
= Ingeneral u, u,, v1, v, are not eigenstate of the spin operator (can we show that?) *§z = %Zz = % ( %Z ((y) ) =
z
= Butif the z-axis is aligned with particle direction: p, = p,, = 0, p, = %|p|, then we get the following
Dirac states: 1 000
1 0 0 _|_|p| l O —1 O O
0 1 +|pl E_+ - 210 010
E+m i 0 ; 1
which are eigenstates of the S, operator:
1
S,uy = +§u1; SYvy = —S,v; = +§v1
1
SZuZ = —EuZ, ngz = _SZUZ = —Evz

= Solutions of the DE are spin eigenstates only if particle is travelling along the z-axis.

= So let’s go further — define an operator that is the projection of the spin along the direction of motion...

-
Welcome to the helicity world! h e| |

Copyright: :Skysoft
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Spin and helicity lﬂ

= The two different solutions of DE of the fermions and antifermions correspond to two possible spin states.

If we choose the ,,z” axis along the momentum p :
S

Z P
Uy —— ) vy - ey
Uy — s V)
particle antiparticle
we can define helicity operator: h = g = % (G(-)p a(_),ﬁ)
as a projection of spin along the particle’s direction of flight.
if h = +1 particle is right-handed
if h = —1 particle is left-handed
we can express the Dirac spinors as a right- and left- handed helicity spinors.

But from the experiment:

- massless fermions are purely left-handed (only u,); representation of the Dirac

spinors

} it seems that we need another

- massless antifermions are purely right-handed (only v4) .

= |n addition helicity is not Lorentz invariant

AGH UST Krakow CPV in Heavy Flavour Physics




Spin structure of weak interactions lﬂ

Example: Only the left bi-spinor describes fermions (in ultrarelativistic limit) emitted in charged current weak

interaction.
x+ DECAY MODES Fraction (I';/T) Confidence lew
Charged pion decay: ptu, [b] (99.98770-+0.00004) %
X I+ v, v,y [] (200 +£025 )x10~%
P —  — et v, [b] (1230 +0.004 )x10—4
S —_— n —

*  momentum of lepton and neutrino must be in opposite directions,

* spin—also (to satisfy the angular momentum conservation,

* neutrino is left-handed (assuming zero mass) and it followed that lepton must be also left-handed,
* muon is non-relativistic and can both left- or right- handed

* positron is relativistic, only right state is allowed

The Weyl (1929) representation of spinors describes massless (or E >> m) particles

It internally included the parity violation, what was hardly to take in that time.

QED, which is fully symmetric under P operation, is described in Dirac representation.
The description of weak interaction requires additional rules.

... let’s start with the last definition today: quantity called ,,chirality”...
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Chirality

AGH
= |tis useful to have operators which are Lorentz invariant, not necessarily commuting with Hamiltonian. v5 is a 4x4 matrix,
= Operator revealing the chirality: y° = iy y' y? y3 = ((I) (I)) (Lorentz invariant). y>)? =1
= For the massless particles, or in the limit E >> m, the chirality is identical to the helicity. yt=y°
= The eigenstates of the chirality operator are: r’r¥}=0
YPug = +ug you, = —uy,

5 5 right- and left-handed chiral states
Y Vr = —Vg Y v, =+, P 4

= Chirality is also defined in terms of the chiral projection operators:

1 1
PLZE(l—Vs); PR=§(1+V5)

such that P; projects out the left-handed particles chiral states and right-handed chiral anti-particle states: Prug =0

Pr projects out the right-handed particles chiral states and left-handed chiral anti-particle states Pru, = uy,
(remember that the direction of momentum was reversed in case of antiparticles. Pﬁvf :_%R
LVL =

PL PR == PR PL == 0
Any spinor can be written in terms of its left and right-handed chiral states:
PL + PR == 1

Y = (P, + PRy =P+ Py =, + g

= Chirality plays an important role in the Standard Model probability current calculation.... Only certain combinations of chiral
eigenstates contribute to the interaction... (soon on this course).
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Chiral and helicity states lﬂ

= Dirac solutions = fermion and antifermion states {ul, Uy, Vq, 1;2}
= Helicity = states projection of spin into momentum direction {ur,uy, vy, v} or {ug,u;, v, v}
= Chiral states = eigenstates of the y°> matrix. {ugp,u;, vp, v}
Particles Antiparticles
FtH/ L% FH-/ Ly
us up vy Vp,
A few remaks: + v
* \Velocity of a particle defines a direction in any reference frame. ﬁ | K H
* The states of definite helicity are the eigenstate of the third component of the Tt
spin in that direction.
* Helicity is not Lorentz invariant unless m = 0.
* If the particle is massive one can always find a reference frame in which my + 0 my, =0

e — + . _ « e
particle travel in opposite direction, thus change helicity. both RH and LH € RH chiral = RH helicity

' * Helicity is a property of a particle. component
L e Chirality is a property of 4-component spinor.
e Onlyifm = 0or E >» m RH chiral and helicity states are identical. Ve

<
gl o
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Chirality in pictures™® lllmlll

What is chirality?

Chirality is derived from the Greek word xelp (kheir) that stands for "hand". An object is said to be chiral if the object and its mirror image are non-
superimposable, just like our right and left hand. Now you must be wondering what we mean by ‘non-superimposable’. When the mirror image of the
object is placed over the original object and they do not overlap, as shown in the figure below, then the object and its image are said to be non-
superimposable.

Molecular chirality was discovered by Louis Pasteur back in 1848, when he successfully separated the two isomers of sodium ammonium tartarate. He
observed that the two isomeric crystals were non-superimposable mirror images of each other, they had the same physical properties, but differed in their

ability to rotate plane polarized light. This property was termed as optical activity.
https://www.khanacademy.org/test-prep/mcat/chemical-processes/stereochemistry/a/chiral-drugs

CHIRAL OBJECTS

ViV ¢

ACHIRAL OBJECTS

AGH UST Krakéw CPV in Heavy Flavour Physics



https://www.khanacademy.org/test-prep/mcat/chemical-processes/stereochemistry/a/chiral-drugs
https://chem.libretexts.org/Textbook_Maps/Organic_Chemistry_Textbook_Maps/Map:_Organic_Chemistry_with_a_Biological_Emphasis_(Soderberg)/Chapter_03:_Conformations_and_Stereochemistry/03.3:_Stereoisomerism_%E2%80%93_chirality,_stereocenters,_enantiomers

Summary

Dirac Equation is a marriage of Quantum Mechanics and Special Relativity.

It describes the wave function of fermions and antifermions as spinors.

This picture is incomplete: it is experimentally shown that
particle/antiparticle symmetry is broken.

The chiral representation was introduced to enhance the differences
between weak interaction in massless fermions.
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